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Abstract
For a given spectrum {λn} of the Laplace operator on a Riemannian manifold, in this
paper, we present a relation between the counting function N (λ), the number of eigenvalues
(with multiplicity) smaller than λ, and the heat kernel K (t), defined by K (t) =
P
n
e−λnt.
Moreover, we also give an asymptotic formula for N (λ) and discuss when λ → ∞ in what
cases N (λ) = K (1/λ).
The relation between the spectrum of the Laplace operator on a Riemannian manifold and the
geometry of this Riemannian manifold is an important subject [1, 2, 3, 4], and the problem of
spectral asymptotics is one of the central problems in the theory of partial differential operators
[5]. For a given spectrum {λn} of the Laplace operator on a Riemannian manifold, one can in
principle obtain the counting function N (λ), defined to be
N (λ) = the number of eigenvalues (with multiplicity) of the Laplace operator smaller than λ,
(1)
and the heat kernel, defined to be
K (t) =
∑
n
e−λnt. (2)
One of the main problems is to seek the asymptotic expansions of N (λ) and K (t). Usually, it
is relatively easy to obtain the asymptotic expansion of the heat kernel K (t). Nevertheless, it
is difficult to calculate the asymptotic expansion of the counting function N (λ) [2]. The Hardy-
Littlewood-Karamata Tauberian theorem gives the first term of the asymptotic expansion of N (λ)
[6], but does not provide any information beyond the first-order term. In this paper, we point out
a relation between N (λ) and K (t).
∗We are very indebted to Dr G. Zeitrauman for his encouragement. This work is supported in part by NSF of
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Theorem 1
K (t) = t
∫ ∞
0
N (λ) e−λtdλ. (3)
Proof. The generalized Abel partial summation formula reads
∑
u1<λn≤u2
b (n) f (λn) = B (u2) f (u2)−B (u1) f (u1)−
∫ u2
u1
B (u) f ′ (u) du, (4)
where λi ∈ R, λ1 ≤ λ2 ≤ · · · ≤ λn ≤ · · · , and limn→∞ λn = ∞. f (u) is a continuously differ-
entiable function on [u1, u2] (0 ≤ u1 < u2, λ1 ≤ u2), b (n) (n = 1, 2, 3, · · · ) are arbitrary complex
numbers, and B (u) =
∑
λn≤u
b (n). We apply the generalized Abel partial summation formula,
Eq. (4), with f (u) = e−u(s−s0) and b (n) = ane
−λns0 , where s, s0 ∈ C. Then
A (u2, s)−A (u1, s) = A (u2, s0) e
−u2(s−s0)−A (u1, s0) e
−u1(s−s0)+(s− s0)
∫ u2
u1
A (u, s0) e
−u(s−s0)du,
(5)
where
A (u, s) =
∑
λn≤u
ane
−λns. (6)
Setting an = 1 in Eq. (6), we find
A (λ, 0) =
∑
λn≤λ
1 = N (λ) ,
the counting function, and
A (∞, t) =
∑
n
e−λnt = K (t) ,
the heat kernel. By Eq. (6), we also have A (0, t) = 0. Then, by Eq. (5), we have
K (t) = A (∞, t)−A (0, t) = t
∫ ∞
0
N (λ) e−λtdλ. (7)
This is just Eq. (3).
Furthermore we can also obtain the following theorem.
Theorem 2
N (λ) =
1
2pii
∫ c+i∞
c−i∞
K (t)
eλt
t
dt, c > lim
n→∞
lnn
λn
. (8)
Proof. By the Perron formula, we have
∑
µn<x
an =
1
2pii
∫ c+i∞
c−i∞
f (t)
xt
t
dt, (9)
where
f (s) =
∞∑
n=1
an
µsn
, (10)
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and c is a constant which is greater than the abscissa of absolute convergence of the Dirichlet series
f (s). Setting
an = 1 and µn = e
λn
in Eq. (10), we obtain the heat kernel,
f (t) =
∞∑
n=1
e−λnt = K (t) .
The abscissa of absolute convergence of f (t) equals its abscissa of convergence, equaling limn→∞ lnn/λn =
limn→∞ lnn/λn. Thus, by Eq. (9), we have
N (λ) =
∑
λn<λ
1 =
1
2pii
∫ c+i∞
c−i∞
K (t)
eλt
t
dt,
and c > limn→∞ lnn/λn. This proves the theorem.
The above two theorems give the relation between the counting function N (λ) and the heat
kernel K (t).
One of the reasons why the counting function N (λ) =
∑
λn<λ
1 is very difficult to calculate is
that one often encounters some unsolved problems in number theory when calculating N (λ). For
example, when calculating the counting function for the spectrum of the Laplace operator on a
tori, one encounters the Gauss circle problem in number theory [2]. In the following we will give
an asymptotic formula for N (λ).
Theorem 3
N (λ) =
∑
n
1
eβ(λn−λ) + 1
, (β →∞) . (11)
Proof. Observing that
lim
β→∞
1
eβ(λn−λ) + 1
=


1, when λn < λ,
0, when λn > λ,
we have
lim
β→∞
∑
n
1
eβ(λn−λ) + 1
=
∑
λn<λ
1 = N (λ) .
Remark 4 The asymptotic formula for N (λ) given by Eq. (11) converts a partial sum (
∑
λn<λ
)
into a sum over all possible values (
∑
λn<∞
). This will make the calculation somewhat easy.
In some cases the counting function approximately equals the heat kernel.
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Theorem 5 Let ρ (λ) be the number of eigenstates per unit interval (the density of eigenstates).
In the limit λ→∞ or t→ 0,
N (λ) = K
(
1
λ
)
or N
(
1
t
)
= K (t) , (12)
when ρ (λ) is a constant.
Proof. In the limit λ→∞ or t→ 0, the summations can be converted into integrals:
N (λ) =
∑
λn≤λ
1 =
∫ λ
0
ρ (λ′) dλ′,
K (t) =
∑
n
e−λnt =
∫ ∞
0
ρ (λ′) e−λ
′tdλ′.
If ρ (λ) = C, where C is a constant, then
N (λ) = Cλ,
K (t) =
C
t
.
This proves the theorem.
This is just the case that Weyl [7], Pleijel [8], and Kac [6] discussed.
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